The subject of present note are relationships between certain class of noncommutative C * -algebras and geometry of 3-dimensional manifolds which fiber over the circle. We suggest new classification of such manifolds which is based on the K-theory of a C * -algebra coming from measured foliations and geodesic laminations studied by Thurston et al. In the first part of the paper a bijection between surface bundles with the pseudo-Anosov monodromy and stationary AF C * -algebras is established. In the second part, we apply the elaborated calculus (rotation numbers, associated number fields) to spell out conjectures on the volume and Dehn surgery invariants of the 3-dimensional manifolds. In particular, our approach implies that the multiplicity of the Gromov-Thurston map M → V ol M is equal to the class number of a real quadratic field associated to the manifold M . This generalizes Bianchi's formula ([1]) for the imaginary quadratic fields known since 1892.
Introduction
The aim of noncommutative geometry consists in the development of an algebraic intuition for a broad class of topological objects. The outstanding works of J. von Neumann (continuous geometries), A. Connes (type III factors and foliations) and V. F. R. Jones (subfactors and knots) are a few examples in this direction.
Let X be a closed 2-dimensional manifold. Denote by Mod X = Dif f (X)/ Dif f 0 (X) the mapping class group of X. Any pseudo-Anosov (non-periodic) diffeomorphism ϕ ∈ Mod X defines a pair of measured foliations, F = {F s , F u }, whose leaves are stable and unstable curves of ϕ and Sing F consisting of n-prong saddles points. Consider a crossed product C * -algebra
where C(X) is commutative C * -algebra of the complex valued functions on X. It is not hard to see that A ϕ is isomorphic to Connes' foliation C * -algebra C * (X/F ) on the one hand, and reduced group C * -algebra C
where ϕ ∈ Mod X is a "monodromy" of the fibration. For example, if ϕ is periodic then M 3 ϕ is Seifert manifold (Seifert [21] ). The most intriguing thing happens when ϕ is pseudo-Anosov. In this case M 3 ϕ admits a hyperbolic metric which is highly sensitive to asymptotic characteristics of ϕ (Thurston [24] ). This observation was leading for us, since the set of projections in the C * -algebra A ϕ encodes perfectly well (via K-theory) the asymptotic characteristics of ϕ. Moreover, by the Mostow-Margulis rigidity every metric invariant of M 3 ϕ is in fact topological one. First examples of fibrations are due to Seifert ([21] ). Stallings ([22] ) described the fundamental group π 1 M 3 . Jørgensen ([12] ) constructed explicitly hyperbolic fibrations with fibre a punctured torus. Jørgensen's work led to a conjecture that many fibrations are hyperbolic. Thurston proved ( [24] ) that this is true for all ϕ pseudo-Anosov. Sullivan ([23] ) suggested to use a double limit lemma to establish the same result. Thurston's theorem can be proved by the methods of holomorphic dynamics due to McMullen ( [13] ). Fried ([7] ) showed that M 3 is a fibration with the monodromy group generated by ϕ. Finally, Neuwirth and Patterson ( [15] ) established a relationship between M 3 and knots. We omit other contributions, referring the reader to survey [13] .
The K-theory of A ϕ is known to be Bott periodic with K 0 ≃ Z n , and
where n is positive integer depending on the genus of X and some "singularity data" Sing ϕ (to be explained below). It is typical that neither K 0 -nor K 1 -group depend on ϕ, thus they alone aren't sufficient to classify A ϕ up to any reasonable isomorphism. What does the classification is an order 1 specified on the abelian group K 0 (A ϕ ). Roughly speaking, the order describes the set of projections (idempotents) in the C * -algebra A ϕ . Up to the Morita equivalence, this ordered abelian group is a complete invariant of the C * -algebra A ϕ ( [6] ). We refer to the ordered K 0 -groups as dimension (Elliott) groups. The C * -algebras whose Elliott group determines uniquely the C * -algebra itself, are called AF C * -algebras. (All the definitions will be reviewed in Section 4.)
Since K 1 (A ϕ ) = 0, A ϕ is not AF , but contains an embedded AF C * -algebra A 1 and can be embedded into a bigger AF C * -algebra A 2 :
Remarkably, algebras A 1 , A 2 and A ϕ have order-isomorphic K 0 -groups, and for this reason we refer to A ϕ as "almost" AF C * -algebra.
1 Under different names, ordered abelian groups were introduced in topology by Thurston ([25] ) and Tischler ([28] ). Any closed 1-form ω ∈ H 1 (M ; R) defines a codimension 1 foliation on M . In this case M fibers over S 1 . Not every such form defines a fibration M → S 1 . Tischler showed that the space of 1-forms ω ∈ H 1 (M ; R) corresponding to a fibration, is an open cone. Thurston proved that the elements of this cone coincide with the Euler classes of the bundle of tangent planes to the fibration. The boundary of cone is given by a linear functional on H 1 (M ; R) called a "Thurston norm". (I wish to thank Danny Calegari for pointing out this fact to me.) Note that any cone defines a partial order on the abelian group H 1 (M ; R) by the rule x > y iff x − y belongs to the cone. We shall see that the topology of M is completely controlled by this order structure.
It is recognized that Bratteli diagrams give an excellent combinatorial presentation of an AF C * -algebra ( [3] ). Such a diagram is an infinite graph showing the way finite-dimensional (multi-matrix) C * -algebras are embedded in the AF algebra. The diagram consists of "blocks" pasted together with the help of countable set P 1 , P 2 , . . . of the "incidence matrices". Matrices P i aren't generally related, but in the important special case P 1 = P 2 = . . . = P = Const the diagram is called stationary.
Given Bratteli diagram such that rank P i = 2g and "singularity data", one can canonically prescribe to it a measured foliation on the surface of genus g ( [17] ). Roughly speaking, infinite paths of the diagram define (using Koebe-Morse coding) a geodesic lamination on some compact surface. The average slope of leaves of this lamination we denote by θ and call it rotation number ([16] ).
It can be shown that every stationary Bratteli diagram (and its AF C * -algebra) is closely linked to infinite periodic continued fraction
which converges to the rotation number θ. Note that in this case θ is the irrational root of a quadratic polynomial
4q > 0} will be called associated to the stationary AF C * -algebra. The ideal class in the ring of integers of field K is known to be a full Morita invariant of stationary AF C * -algebras ( [5] ). The aim of present note are the following theorems and a corollary.
Theorem 1 Let ϕ ∈ Mod X be a pseudo-Anosov diffeomorphism of surface X of genus g ≥ 2. Then:
Theorem 2 Suppose that:
(i) G is an abstract stationary dimension (Elliott) group of rank n ≥ 1;
(ii) X is a surface of genus g.
Then for g ≥ 2 there exists a pseudo-Anosov diffeomorphism ϕ ∈ Mod X such that K 0 (A ϕ ) is order-isomorphic to G. Moreover, ϕ is unique privided the "singularity data" Sing ϕ are fixed. 
Proofs

Proof of Theorem1
where L consists of non-periodic geodesic lines in a fixed curvature −1 metric on X, cf Thurston [26] . We have shown earlier that L = Λ × R, where Λ is the linear Cantor set. The restriction, ϕ 0 , of the diffeomorphism ϕ to the subset L acts "leafwise" on L, i.e. ϕ 0 maps leaves to leaves. Since ϕ is pseudo-Anosov, ϕ 0 is minimal on L, i.e. there are no fixed leaves under the map ϕ 0 . Therefore the holonomy mapping of L:
is a minimal homeomorphism of the Cantor set.
Singularity data. Let L be as before and consider a (measured) foliation F obtained by a "blowing-down" of L ( [26] ). The set Sing F consists of nprong saddle points, where n ≥ 3. Finite set of positive integers m 1 , . . . , m K , where m i = n i − 2, is called a singularity data of F . Note that F has no compact leaves different from Sing F . Denote by C a global transversal to F and remove the shortest arcs of all separatrices 2 of the saddle set Sing F . It is not hard to see that surface X falls into n parts, so that ϕ acts "independently" on each of these parts. The reader familiar with the interval exchange transformations (I.E.T.) will recognize that n is equal to the number of exchange intervals induced by F on C. Denote the union of the parts by X 0 . Note that C(X 0 ) ≃ C(X), since X is the closure of
n . Let us show that n = n(g, Sing ϕ), where by Sing ϕ we understand the singularity data of the ϕ-invariant foliation F . Indeed, by the Veech formula ( [29] ):
where g is genus of X, n the number of intervals and N(π) the number of elementary cycles of the permutation π connected to the I.E.T. It was shown by Veech that eventually N(π) = |Sing F | = K, and therefore n = 2g−1+K.
Remark 1 If F is orientable, then the index formula implies
2g ≤ n ≤ 4g − 3. Otherwise, 2g ≤ n ≤ 6g − 6
, what agrees with the "stratification theory" of the Teichmller space T (X) by the singularity data of holomorphic quadratic differentials on X.
(ii) The proof that the Elliott group of A ϕ is stationary requires the train track technique. An excellent introduction to the field is Penner and Harer [19] . The idea is that any ϕ ∈ Mod X of pseudo-Anosov type admits an invariant geodesic lamination, whose train track has n branches. The action of ϕ on this train track defines a Perron-Frobenius matrix of rank n. This matrix coincides with the incidence matrix of the Bratteli diagram for A ϕ . Let ϕ : X → X be pseudo-Anosov and L be an invariant geodesic lamination specified by formula (6) . Let ϕ 0 be the restriction of ϕ to the set L. As we have seen in Introduction, A ϕ embeds (contains) an AF C * -algebra A 2 (A 1 ), whose Elliott group is isomorphic to K 0 (A ϕ ). It is not hard to see that algebras A 1 and A 2 are generated by a topological Markov chain, presented by the following (infinite) commutative diagram:
where P is an automorphism of the lattice Z n and w i : L → Z n are the weight maps on the train track ( [19] ).
Train tracks ( [18] ). Informally, train track is a combinatorial object which is used to deal with the action of ϕ 0 on the invariant geodesic laminations. Train-track corresponds to "boundary" of the lamination L. Namely, a train track, τ , is a collection of smooth simple closed curves and branched onedimensional submanifolds properly embedded in the interior of surface X. The branches of the train track τ are the open 1-cells of τ taken together with the simple closed curve components. The switches of τ are the vertices of the train track. The "weighted" train track τ is an (integral) function:
where Z + is the set of non-negative integers. The weight function µ satisfies the following rule: for each vertex of the train track the sum of integers of incoming branches must agree with the sum of integers of outgoing branches, so-called switch condition ([18] ). If L is a geodesic lamination (6), then there exists a weight function µ on the corresponding train track ( [19] ). Finally, an equivalence relation on the weighted train tracks (called collapse) consists in a (local) reconstruction of the 5-branch sub-tracks of the train track τ , see [18] for the picture.
Let ϕ 0 : L → L be the action of a pseudo-Anosov diffeomorphism on the invariant geodesic lamination L. This action can be extended to the action (ϕ 0 ) * on the weighted train tracks. Let τ be a n-branch train track corresponding to L. The mapping (ϕ 0 ) * is described by a matrix with nonnegative integer entries in the following sense: if τ ′ = (ϕ 0 ) * (τ ) and τ are equivalent by elementary "collapse" then (ϕ 0 ) * is a linear operator on the weight vector w(τ ). The latter is presented by a n × n matrix:
whose entries are non-negative integer numbers. We omit the proof of the following lemma due to Mosher, Penner and Thurston.
Lemma 1 ( [26] ) Let X be the surface of genus g ≥ 2 and ϕ ∈ Mod X a pseudo-Anosov diffeomorphism. If L is a ϕ-invariant geodesic lamination then there exists a (ϕ 0 ) * -invariant train track τ with n = 2g branches.
3
To conclude the proof of Theorem 1, it remains to apply Lemma 1 to the commutative diagram (9) with P = P τ and weight functions w i as specified earlier. Since the lower row of the diagram converges to a stationary Elliott group, theorem follows.
Proof of Theorem 2
Let G be the Elliott group whose Bratteli diagram is (V, E). Denote by Orb (V, E) the set of all infinite paths of (V, E). There exists a natural order on the edges of the Bratteli diagram which we denote by (V, E, ≥). This (partial) order can be prolonged to the set Orb (V, E). Vershik [30] and later on Herman, Putnam and Skau [11] showed that ordered diagram (V, E, ≥) induces a 1-1 mapping h on the set Orb (V, E) after a suitable completion by "minimal" and "maximal" orbits. Since Orb (V, E) has the topology of a Cantor set Λ, h is a homeomorphism of Λ. 4 We call it a Vershik homeomorphism. To prove Theorem 2 one has to show that stationary diagram (V, E) corresponds to the Cantor set invariant under Vershik's homeomorphism, i.e. the order ≥ is invariant under "cuting of finite tails" operation of (V, E). The rest of the proof follows from the "embeding technique" based on the Koebe-Morse coding of geodesic lines ( [17] ). We shall proceed in several steps.
Vershik homeomorphism ( [30] ). Let v ∈ V be a vertex of the Bratteli diagram (V, E). Consider all edges e i ∈ E whose range r(e i ) = v. (In other words, {e i } is the set of edges "entering" v.) Fix a linear (cyclic) order on the set {e i } in the clockwise (or counterclockwise) direction around v and extend the procedure for the whole diagram. The (partial) order on the set of edges obtained in this way is denoted by (V, E, ≥). Let (V, E, ≥) be ordered Bratteli diagram. For k < l denote P kl is a set of paths between vertices v k and v l . They say two paths
if and only if for some i such that k + 1 ≤ i ≤ l we have e j = e ′ j as j = i + 1, . . . , l while e i > e ′ i . (In other words, the order on P kl is sensitive to the "initial conditions" of the paths.) By an infinite path on (V, E) we shall mean an infinite sequence of edges (e 0 , e 1 , . . .) such that e 0 ∈ E 0 , e 1 ∈ E 1 , etc., where for the sake of comfort E 0 is a singleton. In this case all infinite paths have the same origin. The set of all infinite paths on (V, E) is denoted by Orb (V, E). Note that if (V, E, ≥) is ordered Bratteli diagram, then Orb (V, E) is ordered (as the set P 0∞ ). Let us identify "coordinates" x i of x ∈ X with vector (e 0 , e 1 , . . .). Fix x, y ∈ Orb (V, E). Metric d(x, y) = 1/2 k , where
turns Orb (V, E) into an absolutely disconnected topological space which is called a Bratteli-Cantor compact Λ. The mapping h : Λ → Λ can be defined as follows. Denote by E min and E max the "minimal" and "maximal" paths in P 0l . If (e 1 , e 2 , . . .) is an infinite path then let k be the least integer such that e k ∈ E max . The successor of e k is denoted by f k . Finally, let (f 1 , f 2 , . . . , f k−1 ) be the unique path in E min from v 0 to s(f k ). One defines:
It can be verified that h is a homeomorphism of Λ ( [11] ). The latter is called Vershik homeomorphism. 
Proof. If the diagram (V, E, ≥) is stationary, then the order equivalence is evident. Suppose that ≥ and ≥ ′ are equivalent. It is not hard to see from (12) and (14) that Orb (V, E, ≥) and Orb (V ′ , E ′ , ≥ ′ ) have the same ordering iff they differ by a block B i , which is the smallest (primitive) period for both (V, E, ≥) and (
By Lemma 2 Vershik homeomorphism h : Λ → Λ is a "candidate" to pseudoAnosov diffeomorphism. For that one needs to construct an "embeding" of (V, E) into surface X and then extend h to the entire X. The embeding uses the following idea ( [17] ).
Koebe-Morse coding of geodesic lines ( [14] ). Suppose that σ = {g 1 , . . . , g n } is a set of generators of π 1 X and G σ = {a 1 a 2 b 1 b 2 . . . a n−1 a n b n−1 b n } the corresponding ordered sequence of non-separating loops on surface X. The identifications a 1 = b 1 , a 2 = b 2 , . . . , a n = b n yield us surface X. Given geodesic line on Riemann surface S ∈ T (X), one relates an infinite sequence of symbols
which "take values" in the set σ. One prescribes σ p , p = 1, . . . , ∞ a "value" g i , 1 ≤ i ≤ n if and only if S has a transversal intersection point with the side a i = b i . Sequence of symbols (15) is called a Koebe-Morse code of geodesic S. Morse showed that there is a bijective correspondence between sequences (15) satisfying some admissibility requirements and the set of non-compact geodesics rays on S, see Morse and Hedlund [14] . Let Λ be the Bratteli-Cantor compact. Let V i → σ be a bijection between the vertices V = V 1 ⊔V 2 ⊔. . . of (V, E) and the set of symbols σ. This bijection can be established by labeling each element of V i from the left to the right by symbols {g 1 , . . . , g n }. Thus, every x ∈ Λ is a "symbolic geodesic" (x 1 , x 2 , . . .) whose "coordinates" take values in σ. Each sequence is admissible and by Morse's Theorem realized by a (class of congruent) geodesic whose KoebeMorse code coincides with (x 1 , x 2 , . . .). Where there is no confusion, we refer to x ∈ Λ as a geodesic line in the plane H.
Lemma 3
Let l x be an image of geodesic x ∈ Λ on the surface X under projection H → H/G. If Bratteli diagram (V, E) is simple, then l y ∈ Clos l x for any y ∈ X.
Proof. The simplicity of (V, E) means that every infinite path x ∈ Λ is transitive, i.e. any finite "block" of symbols {x n , x n+1 , . . . , x n+k } occurs "infinitely many times" in the sequence x = (x 1 , x 2 , . . .). Suppose that B k is a block of symbols of length k ≥ 1. Let x = (x 1 , . . . , x n−1 , B k , x n+k+1 , . . .), y = (y 1 , . . . , y m−1 , B k , y m+k+1 , . . .), be the first time B k appears in sequences x, y ∈ Λ. By a congruent transformation, the geodesics x, y ∈ H can be brought to the form
Since B k occurs in sequences x and y infinitely often, lemma follows.
Let us notice that the set Clos l x of Lemma 3 is a set Λ×R ⊂ X consisting of continuum of irrational geodesic lines. (This follows from the proof of Lemma 3.) From this and Lemma 3, Λ × R is homeomorphic to Thurston's geodesic lamination on a surface of genus g ≥ 2; cf Thurston [26] . On the other hand (Lemma 2), Λ is invariant under the Vershik homeomorphism h. Thus far Λ is a 1-dimensional basic set for a pseudo-Anosov diffeomorphism of the surface X.
The uniqueness of ϕ is defined by the singularity data Sing ϕ. Indeed, if Riemann surface S ∈ T (X) is fixed, it comes with a holomorphic quadratic differential Q(z) which corresponds to the extremal quasiconformal mapping in the Teichmüller space T (X). Sing Q(z) has finite number of zeroes of multiplicities m 1 , . . . , m K . It is not hard to see that those data coincide with the singularity data Sing ϕ of pseudo-Anosov diffeomorphism ϕ.
Proof of Corollary 1
Recall that stationary dimension groups give rise to lamination L ⊂ X whose slope θ on X is quadratic irrationality, see Introduction and Appendix. Real number field K, obtained as extension of rational by the root θ, is called associated to stationary dimension group.
Morita equivalence class of stationary dimension group is described by the equivalence class of ideals in ring O K , see Lemma 7 of Appendix. Theorems 1 and 2 imply a bijection between conjugacy classes of pseudo-Anosov's on X and Morita classes of C * -algebras A ϕ . Therefore, mapping torus M
Conjectures
In view of Corollary 1, it is fairly natural to expect that crucial topological data concerning manifold M 3 ϕ can be (fully or partially) recovered from the number field K and associated arithmetic invariants. We feel confident to suggest the following set of conjectures:
ϕ be the hyperbolic manifold corresponding to pseudoAnosov diffeomorphisms ϕ ∈ Mod X. Let A ϕ be the respective stationary AF C * -algebra (Theorems 1 and 2) . Finally, denote by K the algebraic number field associated to
, where d is the discriminant and ε > 1 the fundamental unit of the field K.
This conjecture says that hyperbolic volume of the mapping torus M 3 ϕ is proportional to the Dirichlet density of ideals in the number field K = K(ϕ), see Appendix for definition. We hope to find supporting evidence to this conjecture using software for calculating hyperbolic volumes, e.g. SNAPPEA.
Conjecture 2 M → V ol M is a finite-to-one function, such that the number of topologically distinct manifolds of the same volume is equal to the class number h K of the field K.
This is an generalization of Bianchi's formula for the number "ends" of a hyperbolic orbifold given by Kleinian group over imaginary quadratic number field, see [1] . Our conjecture extends the theory to real quadratic number fields and hyperbolic mapping tori. Note that by the result of Bowditch, Maclachlan and Reid [2] , there is only a finite number of Bianchi's orbifolds among mapping tori M This conjecture can be viewed as Reidemeister-Conway classification of "irrational" knots and tangles. The continued fraction is no longer finite, and the manifold itself is allowed to be hyperbolic.
Appendix
This section is a short introduction to C * -algebras and their K-theory. There exists a fairly extended list of good courses introducing the subject, e.g. [20] . The C * -algebras we are interested in are AF and their invariants are algebraic K 0 -groups with the associated order. In particular, we review stationary AF C * -algebras and their links to the algebraic number fields.
C*-algebras and K-theory
By the C * -algebra one understands a noncommutative Banach algebra with an involution [20] . Namely, a C * -algebra A is an algebra over C with a norm a → ||a|| and an involution a → a * , a ∈ A, such that A is complete with respect to the norm, and such that ||ab|| ≤ ||a|| ||b|| and ||a * a|| = ||a|| 2 for every a, b ∈ A. If A is commutative, then the Gelfand theorem says that A is isometrically * -isomorphic to the C * -algebra C 0 (X) of continuous complexvalued functions on a locally compact Hausdorff space X. For otherwise, A represents a "noncommutative" topological space X.
Let A be a unital C * -algebra and V (A) be the union (over n) of projections in the n×n matrix C * -algebra with entries in A. Projections p, q ∈ V (A) are equivalent if there exists a partial isometry u such that p = u * u and q = uu * . The equivalence class of projection p is denoted by [p] . Equivalence classes of orthogonal projections can be made to a semigroup by putting [p] + [q] = [p + q]. The Grothendieck completion of this semigroup to an abelian group is called a K 0 -group of algebra A.
Functor A → K 0 (A) maps a category of unital C * -algebras into the category of abelian groups so that projections in algebra A correspond to a "positive cone" K 
AF C*-algebras and Bratteli diagrams
An AF (approximately finite-dimensional) algebra is defined to be a norm closure of an ascending sequence of the finite dimensional algebras M n 's, where M n is an algebra of n × n matrices with entries in C. Here the index n = (n 1 , . . . , n k ) represents a multi-matrix algebra
be a chain of algebras and their homomorphisms. A set-theoretic limit A = lim M n has a natural algebraic structure given by the formula
The homeomorphisms of the above (multi-matrix) algebras admit a canonical description (Effros [5] ). Suppose that p, q ∈ N and k ∈ Z + are such numbers that kq ≤ p. Let us define a homomorphism ϕ :
where p = kq + h. More generally, if q = (q 1 , . . . , q s ), p = (p 1 , . . . , p r ) are vectors in N s , N r , respectively, and Φ = (φ kl ) is a r × s matrix with the entries in Z + such that Φ(q) ≤ p, then the homomorphism ϕ is defined by the formula:
where Φ(q) + h = p. We say that ϕ is a canonical homomorphism between a a a a a a a a a a a a a a a a a a 
Parametrization of polycyclic dimension groups by slopes of geodesic lines
By Elliott's theorem, AF C * -algebra is defined by its dimension (Elliott) group and an order unit ( [6] ). Dimension group is called polycyclic if it is based on abelian group Z n , n ≥ 1. The following lemma says that polycyclic dimension groups are generated by geodesic lines on Riemann surfaces.
Lemma 4 Let γ be a simple non-periodic geodesic on Riemann surface X of genus g ≥ 1. Then corresponding to γ there exists an ordered abelian group Z n whose non-negative elements lie inside a cone bounded by k ≤ n hyperplanes passing through the origin of Z n .
Proof. See [16] .
Dimension group G = G(γ) of Lemma 4 we shall call induced by geodesic γ. Note that G(γ) is simple whenever γ is non-periodic. It turns out that any abstractly given simple polycyclic dimension group is induced by a geodesic line.
Lemma 5
Suppose that G is a simple polycyclic dimension group of rank n ≥ 1. Then there exists a geodesic γ on Riemann surface X of genus g ≥ 1, such that G(γ) is order-isomorphic to G.
To every simple geodesic one can prescribe a real number, called a "slope" or "rotation number" of γ on surface X. The construction was first suggested in [16] , and we remind briefly the main steps. Line γ can be presented as uniform limit of periodic geodesics γ i :
Let X = H/Γ be given by its Fuchsian group Γ. Then γ i is covered by a geodesic half-circleγ i ∈ H andγ i is fixed by a hyperbolic element g i ∈ Γ (length-trace equation). Denote by |g i | the trace of g i . If Γ is arithmetic, e.g. principal congruence group, then |g i | is positive integer. One can set up an infinite continued fraction:
which converges to a real number θ > 0. We call θ a slope or rotation number of γ on X.
In view of Lemma 5, every polyciclic dimension group can be parametrized by numbers θ ∈ R. The importance of such a parametrization is stipulated by the following 
Proof. This was proved in [16] .
Stationary AF C * -algebras
An AF C * -algebra is called stationary if it has stationary Bratteli diagram. For stationary AF algebras and their dimension groups we have the following statement.
Lemma 6 Let A be stationary AF C * -algebra and K 0 (A) = G θ . Then θ is a quadratic irrationality given by periodic continued fraction.
Proof. It will be sufficient to prove that for ϕ ∈ Mod X pseudo-Anosov, the slope of ϕ-invariant geodesic γ is defined by periodic continued fraction. Indeed, ϕ and γ can be lifted to the universal cover H so thatφ : H → H is a homeomorphism andγ covers γ. Clearly,γ is a fixed curve of homeomorphismφ. Let t ∈ Γ be isometry, which realizesφ.
Since γ = lim γ n , where γ n are closed geodesics, andφ(γ) =γ, we conclude thatφ(γ n ) = t(γ n ) =γ n+1 , whereγ n covers γ n . Therefore,
It means that in continued fraction (20) the entries g n = g, where g ∈ Γ is a hyperbolic isometry which fixes geodesic γ 0 . Thus, θ converges to a quadratic irrationality.
Let θ be given by periodic continued fraction. By the Legendre Theorem, θ ∈ Q( √ d) for a positive square-free integer d. There exists the following "intrinsic" description of the stationary AF C * -algebras. Proof. The proof can be found, e.g. in Handelman ([9] ). Let us outline the main idea. Denote by E = (K 0 , K + 0 , [u]) the Elliott group of A. Since A is stationary, its ring of order-preserving endomorphisms End E is non-trivial, i.e. distinct from Z. Morover, in this case End E completely defines (and is defined by) E. Consider the set of Elliott groups E i = Imf i ⊆ E, where f i ∈ End E. Clearly, the corresponding rotation numbers θ i are real quadratic and lie in the field K. (For otherwise, there will be no ring structure on θ i .) Thus, we have an isomorphism of End E to a subring of O K . In fact, this subring is an integral order (ideal) in O K .
Number fields
Let D be a positive integer not divisible by a full square except 1. The extension of degree 2 over the rationals we call quadratic. Every such an extension has the form K = Q( √ D) and its discriminant is 
The ring of integers of the field K consists of the numbers
The elements of subring Z ⊂ O K are called "rational" integers. To any α ∈ O K one prescribes a norm, Nα, according to the formula N(x + y √ d) = x 2 − dy 2 . The unit ε ∈ O K is any invertible element in the ring O K . Element α is the unit if and only if Nα = ±1. If O K = Z the units aren't unique and they can be found as solution to the Pell equation:
By the Dirichlet theorem, the set of units of real quadratic field K is an (infinite) abelian group of order 1, i.e. E K = {±ε n | n ∈ Z} where ε > 1 is the fundamental unit of K. Elementary "volume" of the lattice of units is called regulator, R K . It is an invariant of K and R K = log ε for the real quadratic field.
The algebraic integer can be decomposed into "primes" but generally in a bunch of different ways. The unique decomposition is possible if one adds "ideal" algebraic numbers, which lie outside field K. In terms of K, these algebraic numbers are known as ideals, i.e. subsets a ⊆ O K such that for any α, β ∈ a and any λ, µ ∈ O K the integer λα + µβ belongs to a. The norm, Na, of the ideal a ⊆ O K is defined as the number of equivalence classes in O K modulo the ideal. (This number is always finite.)
The class number, h K , was introduced by C.-F. Gauss as the number of inequivalent integral binary forms of the same discriminant. Such a number "measures" the deviation from the law of unique prime decomposition in the ring O K . For example, algebraic integers can be uniquely decomposed into the prime factors if and only if h K = 1. In terms of ideals, h K can be defined as the number of equivalence classes of ideals in the ring O K . Number h K is known to be finite and very hard to determine even in the case of quadratic extensions. (So far only "transcendental" methods apply.)
Let A be the equivalence class of ideals in the ring O K . Dirichlet established a remarkable fact that "density" of the ideals in A is a constant of the field K, which does not depend on A itself. The density is understood as the number of ideals of given norm divided by the norm. For the real quadratic fields, the Dirichlet density theorem can be stated as follows. 
Moreover, the above limit exists and is the same for all equivalence classes of ideals in K.
Proof. See Hecke ([10] ).
